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Abstract

We developed a new scheme for computing "Greeks”of derivativesi@symptotic expansion approadh
particular, we derived analytical approximation formulae for Deltas and Vegas of plain vanilla and average
call options under general Markovian processes of underlying asset prices. We also derived approxima-
tion formulae for Gammas of plain vanilla and average call options, and for Deltas of digital options under
CEV(Constant Elasticity of Variance) processes of underlying assets’ prices. Moreover, we introduced a new
variance reduction method of Monte Carlo simulations based on the asymptotic expansion scheme. Finally,
several numerical examples under CEV processes confirmed the validity of our method.
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1 Introduction

We propose a new approximation formulae for computing Greeks, such as the Delta, the Gamma and the Vega
that indicate risk indices, the first or second order derivatives of the value of an asset with respect to its pa-
rameters. In particular, we derive analytic approximation formulae of the Delta and the Vega of plain-vanilla
and average options where the underlying assets’ prices follow general diffusion processes. We also show
formulae of the Gamma of plain-vanilla and average options, and a formula of the Delta of digital options
where the underlying assets’ prices follow CEV processes. Our method is based on the asymptotic expansion
approach developed by Takahashi[1995,1999], Kunitomo and Takahashi[1992,2001,2003a] and Takahashi
and Yoshida[2004]. We also introduce a new variance reduction method as an extension of Takahashi and
Yoshida[2005] to increase efficiency of Monte Carlo simulation in computation of Greeks. Moreover, we
presented series of numerical examples where the underlying prices follow the constant elasticity of variance
(CEV) processes and showed effectiveness of our method.

Monitoring and controlling the risks of derivative securities are as important as pricing derivative se-
curities in the practical world. In Black-Scholes(BS) model, option prices and their Greeks are obtained
analytically. However, in the more realistic models, it is usually very hard to evaluate both of option prices
and their Greeks analytically. Then, numerical methods are applied.

We suppose that the underlying asset’s pfgéollows a stochastic differential equation(SDE);

{ dSt = uSt dt+ U(St) th (1)

S():S() (>0),

whereW; is a one-dimensional Brownian motiom,= r» — ¢. r andq denote a risk-free rate and a divident
rate respectively which are assumed to be constants. Next, we consider a derivative security whose payoff
function at maturity timel” is given by¢ such as

¢ (St) = (ST — K),  plain vanilla call option

¢ (ST) = (ST - K) ,  average call optian )

whereS; = % fOT S dt. The price of the derivative security can be represented by

u(sg) = E[e_TT¢(ST)}
= ¢ "TE[p(57)],

whereF [-] denotes the expectation operator under the risk-neutral measure. To obtain the first order deriva-
tive of the price with respect to the underlying asset’s price at the initial pgica natural method is com-
puting
u(so+A)—u(so—A)

2A '
where A is a sufficiently small positive number, ands) — A) andu (sp + A) are generated by Monte
Carlo simulations. However, its convergence speed is sometimes very slow due to the irregularity of

Moreover, convergence to the true value may not be achieved because its convergent value deftends on
To overcome the problem, we may utilize a representation such as

u' (s) ~

u (S()) = efrTE [¢/ (ST) YT] s
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whereY; satisfies the following SDE:

dY, = pY,dt + o' (Sy) Yy dW,
Yy = 1.

(For the derivation, see Imamura, Uchida and Takahashi [2005] for instance.) Although this representation
makes Monte Carlo simulations more efficient, using Monte Carlo simulation itself may be time-consuming,
which cause many difficulties in the practical world such as trading business. Therefore, in the case that
analytic formulae can not be obtained, ideally we need analytic approximation schemes which can generate
values precise enough for practical pupose.

The asymptotic expansion approach have been applied successfully to a broad clasgrofdsses
appearing in finance. Takahashi[1999] presented a third-order pricing formula for plain options and second-
order formulae for more complicated derivatives such as average options, basket options, and options with
stochastic volatility in a general Markovian setting. Kunitomo and Takahashi[2001] provided pricing for-
mulae for bond options(swap options) and average options based on an interest rate model in the class of
Heath-Jarrow-Morton[1992] which is not necessarily Markovian. Takahashi[1995] also presented a second
order scheme for average options on foreign exchange rates with stochastic interest rates in Heath-Jarrow-
Morton framework.

Moreover, Takahashi and Yoshida[2004] extended the method to dynamic portfolio problems. Re-
cently, Takahashi and Saito[2003] successfully applied the method to American options, and Takahashi and
Yoshida[2005] proposed a new variance reduction scheme of Monte Carlo simulation with the asymptotic
expansion. For details of mathematical validity based on the Malliavin calculus and of further applica-
tions, see Kunitomo and Takahashi[2003a, 2003b, 2004], Takahashi and Uchida[2004] and Takahashi and
Yoshda[2004,2005].

The organization of this paper is as follows. In section 2 and 3, we derive approximation formulae for the
Delta of plain-vanilla and average call options. In section 4, we introduce a variance reduction technique in
computation of the Delta. Sections 5 and 6 treat approximations for computing the Vega of plain vanilla and
average call options. In section 7, we propose a variance reduction technique in computation of the Vega. In
section 8, when the underlying prices follow CEV processes, we show another derivation of approximation
formulae for the Delta and the Vega, and derive approximation formulae for the Gamma of plain vanilla
and average options as well as for the Delta of digital options. We present numerical examples in section 9.
Finally, some concluding remarks are made in section 10.

2 The Delta of Plain Vanilla Call Option
First, we make the following assumption and definitions.

Assumption 1. We assume that the underlying asset pS¢éollows the SDE:

dSt = NSt dt + eo (St) th
So = So (> 0)

whereW; is 1-dimensional Brownian Motion, and # 0. In addition we assume that(-) is a C? class
function and its derivative’ (-) is bounded.

We define the "differentiation o$; by the initial valuesy”.
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Definition 1. We definé’; as a stocastic process following the SDE:
dYy = pYedt + eo’ (St) Yy dWy
Yo=1

Definition 2. We define the defined indicator function:

1 1 ifz>a
2} =) 0 ifr<a

Then, the payoff of Plain Vanilla Call Option is rewritten@r — K) , = (St — K) 15>k}
Takahashi [1999] derived , the asymptotic expantiolS;of

2
Sy = Aot + €Ay + % Aoy + 0(62)7 (3)

where

dAoe = pAodt, Ago = S0
dAlt = K Alt dt +o (A()t) th, Al() =0
dAgyy = o Agpdt + 2 o’ ( A()t) A1y dWr, Asp = 0.

Then, we can easily obtaifg;, 41; andAs; as
Ay = spett
Ay = /Ot ehlt=5) & (Ags) dWs
Ay = 2 /0 t "= 5 (Ags) Ars dW.
Now we putX; = (S; — Aot) /€, g1 = A1 and go = Asp /2. Then,
X7 = g1 +eg2+o(e).
The asymptotic expantion of the Plain Vanilla Call Optiori” E [(Sp — K) | is given by

e TE [(Sr—K),] = ee"TE [(y + X7), ]
= ee " "E[y+gtegt ) Ygptepr>y}]

wherey = (Aor — K) /e. Under an appropriate assumption suchAgsumption 6.2n Kunitomo and
Takahashi[2003b], We obtain its approximated value as

e "TE[(Sr— K),]
= ee"E [(y +91) 1{912—11}] +e&eE [92 1{912—11}]
12T R [(y +91) 9o (81){g127y}} +o (62)
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where(al){,z_y} denotes the derivative df.._,,. Next, by the property of Brownian Motion, we know
the distribution ofg; follows a normal distributionV (0, X), where

( /0 ' T8 5 (Agy) th> 2]

T
_ / 24T 5 (402 dt. (@)
0

Y = F

In addition, the conditional expectatidii[g2|g1 = =] is given by
Eg|g1 = 2] = cz® + f,
where
1 T s
c= 22/ / " T=9) 5 (Ags) o' (Ags) €TV o (Agy)? duds
0 Jo
andf = —c¢X. Accordingly,

e "TE[(Sr— K), ] ®)

= ee T / (y+2) nfz;0,%] de+ e / (cx? + f) n[2;0,%] dz + o (),
—y —y

wheren [z; 0, X] is the density function oV (0, X), i.e.

1 2
nlz;0,X] = me_ﬁ.

Now we define an approximated value of the call option as
C(0,T) = ee T / (y+x) n[z;0,%] do + e / (cx® + f) n[z;0,%] dx
-y -y

= e (yN <\}%) +En[y;0,2]> +ee™ fyn[y;0,%], (6)

whereN (z) is cumulative distribution function a¥ (0, 1). Next, consider its differentiation byy:

0
— T
8800(07 )

R A Ly 0T\ 08 o 108 yd 4 0% .
- e <dN<\/§>+<y (d 22850> Tan TP e T taras, ) ) 0T
o [ Of 198 yd 42 0%
2 T [ ) = 77 Il .
e <asoy+fd+fy< o5y 3 220s,) ) "W 0E
_ T 0 DR
= e€e <dN<\/§>+2830n[y,O,E]>

. of 10% y® 0%
2 T [ YJ -y~ _Jd ¥ 0.}
+ee (830y+fd+cy<2830+ d 22680>>n[y,0, !,
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whered = a% = e’ /e. The derivatives of coefficients are calculated as follows:

oy, o (T,
e - 2 w(T=1) 5 ( An)2 dt
680 680 /0 ¢ o ( Ot)

T
= 2/ e (T=0) et 5 (Ao,) o' (Agy) dt
0

T
= 2/ T 5 (Agy) o (Age) dt
0

dc 0 Lt (T—s) / 2 (T—v) 2
dsn Osa | 32 et o (Aos) o' (Aos) e o (Agw)” dvds
50 50 o Jo
2 0% (T ¢
= ——— e T=5) 5 (Aps) o (Aos) e TV 5 (Apy)? dvds
23380/0/0 (Aos) 0" (Aos) (Aow)
1 T s
+2/ / T o' (Ags)? 2T g (Agy)? dvds
by 0 0
1 T ps
+22/ / et o (Aos) o (Aos) 2 (T=0) & (A0v)2 dvds
0 0
9 T rs
+22/ / e T=9) 5 (Aps) o' (Ags) €2 T71 5 (Ag,) o' (Apy) dvds
o Jo
af 0 dc ox
A N 5 3) Pt s Bt
880 880 (c ) 880 caso

Although it looks quite complicated, simpler expressions of coefficients can be derived if we give
specific forms such as CEV, which are shown in section 8.
Then, we summarize the result obtained above.

Theorem 1. The asymptotic expansion of the Delta of a plain vanilla call option of which payoff function
with maturity timeT" is expressed a5t — K) , is given by

D(0,T)+o (62) ,

where

D(0,T)

10X
= e (AN (L) + =00, 7
€e <d o + 288071[3/707 ] 7
_ af 10X y? 0%
2 rT [ YY) - = < - .

+e“e (asoy—i-fd—i-cy(QaSO—i—yd 2% Dsqg nly;0,%],

and the coefficents are given by
spetT — K

Yy=—7"
€
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¥ = F

< /0 ' e T o (Agy) th> 2]

T
= L/ 0 0 (Aoy)* dt,
0

T ps
c= 12/ / eM(T—S) o (AOS) O', (AOS) 62M(T—v) . (A0v)2 dv ds
by 0 0
and
f=—cX.
3 The Delta of Average Call Option

Utilizing the asymptotic expansion &}, Takahashi [1999] derived

~ ~ ~ 2~
St~ A+ €A + 5 Ay + ole), ®)

whereS; = 1 [1S, du, Ay = 1 [/ Ag, du and so on. Now we puk; = (§t - 20t> /e, g1 = Ay and
g2 = 2(27’/2. Then,

XT ~ g1+ €go +O(€2).

The asymptotic expantion of the average call optiof! £ {(E’T — K) J is given by
—rT o _ —rT v
e E[(ST K)J ce E[(erXT)J

= eeE [(y +g1tegat--) 1{91+eg2+"'2—y}] ’

wherey = <ZOT — K) /€. We obtain its approximated value

—rT Qo
e E {(ST K) +]
= e B[y +g1) gzp] +€eTElg21y5 4]
12 TR [(y +91) 92 (31){912_21}} +0 (%),

(; /0 ! /0 t e 1=%) 5 (Ags) dW, dt) 2]
</0 /ST e =) 5 (Ag,) dt dWS>2]

T
< /O Ti (e#T=) ~1) o (Ap.) dW5>2]
1

T 2 9
= /O (7= =1) o (40,)* ds. 9)

where

¥ = F

1

1

T2
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In addition, the coefficients of the conditional expectatiofyz|g1 = =] = caz? + f are given by

(T—s)—
t—s el
0_22T3//6“()[

0 2

andf = —cX. Accordingly,

e |(3r-K) |

= ee T / (y+2z) n[z;0,%) de+ e / (cx2 + f) nlz;0,%] dx+o(62).
—y -y

o (Aos) o’ (Aos)

o (Agy)? dvds dt

Now we define the approximated value as

C(0,T7) = ee_TT/ (y+ z) nlz;0,X%] d:v—l—eQe_TT/ (cx2+f)n[:n;0,2] dz

-y -y

= ee "7 <yN <\}g§> + Y ny;0, E]) +e2e7 fyn [y;0,3], (20)

and consider its differentiation by:

0
aTOC (0,7)

R _y 9%\ 08 (108 yd 0% .
- (dN<\/§> ( <d 22880>+330+2 an 3 T aras)) W0
o [ OF 108 yd y® 0%
2 v [ ) = 77 LA .
e <asoy+fd+fy< Mos, ¥ 2xras)) w0

0 10% 2 9%
+e2e T (jy+fd+cy<804—yd—ys>>n[y;0,2],

whered = 2% = (et — 1) /(uTe). The derivatives of coefficients are calculated as
0

% 1 9 (T . 2
950 12T 9sg (6“(T ) — 1) o (Ags)? ds
2 [T 2
— wT—s) _ ws /
M2T2/0 (e 1) e o (Aos) o' (Aos) ds
9 T
= / (eZ“T_“S —2eMT 4 e“s) o (Ags) o’ (Ags) ds,
p=T= Jo
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o (Aos) o' (Aos)

@ — / /eut s) I
880 N 880 22T3
X/ o (5=0) &
0
__2zox 1 // i (t—s) 78)
N 23830T3
7
w(T—s)—1
Eng/ /eu
X/ ot (5-0) &
7
w(T—s)—1
Eng/ /eu
7
T—s)—1
el [

0 1%

of 0 dc )
= (X)) === — .
880 880 (C ) ¢

Then we sum up the result as a theorem.

o (Agy)? dvds dt}

g (A()s) U/ (AOS)

o (Agy)? dvds dt

o' (Ags)?

o (Agy)? dvds dt

o (Ags) 0" (Ags)

o (Agy)? dvds dt

o (Ags) o' (Aps)

(AOU) o' (A()v) dvds dt,

and

Theorem 2. The asymptotic expantion of the Delta of an average call option, whose payoff function with
maturity timeT is expressed aéST - K ) is given by
+

D(0,T) +o (€%,

where
D(0,7)
_ —rT L 182
= €e (dN(\/§>—|—280n[y,0,E]>
_ of 10% y? 0%
2 rT [ ) = 7 = .
+e“e <880y+fd+cy <2850+yd 22850>>n[y,0,2], (11
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erT — 1

euT

1 T t 2
(T/ / e 179 o (Ags) dW dt)
0 0
T

2
= 21TQ / (eu(T_s) - 1) o (A08)2 ds,
H 0

T rt T—s)—1
. — 1/ /eu(t—S) et
X213 Jo Jo H

0 1%

f=—-cx.

Y = F

g (AOS) 0'/ (Aos)

o (Agy)? dvds dt,

and

4 Variance Reduction Technique for Delta of Call Option

Previous section showed the validity of the asymptotic expansion technique for the Delta, but we sometimes
need more precise values, especially whés quite large or when the true value is quite small. For this
purpose, we propose a variance reduction method, which is an extension of Takahashi and Yoshida[2004].
Although the value of Delta is obtained by calculatiBige " Y7 1¢,,> 3|, it may be impossible to
calculate it analytically. In the case, Monte Carlo simulation based on Euler-Maruyama Scheme is a standard
method, which is called "crude Monte Calro”in this paper. However, crude Monte Carlo is usually quite
time-consuming because of its low convergence speed, and hence, Takahashi and Yoshida [2004] proposed
the method based on an asymptotic approach to accelerate the simulation.
The convergence speed depends on the variance of sample paths. The smaller the variance, the higher its
convergence speed. Lat be a random variable. We take another random varigblehose expectation is
0. Then, the random variabl€ — Y has the same expectation&s and its variance is given by

Var(X -Y) = E [(X—E[X] *Y)z}

- E [(X . E[X])Q} —2E[(X - E[X]))Y]+ E[Y?]

= Var(X)+Var(Y)=2Corr (X,Y)\/Var (X)Var (Y)
= Var(X)—+Var(Y) <2 Corr (X,Y)\/Var (X) —/Var (Y)) ,

whereCorr (X,Y') denotes the correlation betweghandY. Leta > 0, and we useiY instead ofY'.

Then,Var (X — aY') is minimized wheru = Corr (X,Y) 52?853 and we obtain

Var (X —aY) = Var(X) - Corr(X,Y)? Var (X)
= (1 — Corr (X, Y)Z) Var (X).

Thus, we have to find” whose correlation withX is close to one.
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We utilize the approximated Delta denoted By(0, 7"). In the derivation of the theorem 1 (or theorem
2), we obtain the approximated option price in an integral representation:

o0

C0,T)=ce T /

(y+z) n[z;0,%] de+ e / (ca:2 + f) nlz;0,3] da.
~y

-y
The candidate for a random varialieis obtained by differentiating it with respect ¢g.
Next, we prepare two lemmas for the ease of calculation.

Lemma 1. Lety () be aCg° class function. Then

|00y o @) dr= (). (12)
Proof.
/_ (1) fy>_yy @ () dz = —/ Lips—yy @' () da
= ¢(-y)
[ ]

Lemma 2. The differentiation of: [z; 0, ¥] with respect tos is

9] 1 /2% 1) 0%

Proof.

e _ 9 [l ap Lo
asﬂn[x,O,E} = 850{\/ﬂ2 exp< 5% by

11 0% 1 1 1 1 0%
- - w3222 2yl I o V2% o2yl 222
o ( TR )T TP ;)R oy

1 /22 1)\ 0% 1 1
= _ — — 77271/2 _ 22 1
<22 E) 680 21 eXP( 293

R A 5)Y
<22 - Z) D0 [0, %]
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Using lemmas 1 and 2, the approximation of Delta is obtained as
D(0,T)

o [* o [
_ —rT . 2 _—rT 2 .
= ce o / (y+z) njz;0,X] dv + e e 950 /_y (cz® + f) n[z;0,%] do

I 1 22 1) 08 :
= ce /_y (d+2(y+x) Y275 ) O n[z;0,%] dx
+ee ™ d (ey* + f) n[y;0,%)]

> [ Oc of
2 —rT 22 ) d
+e“e / ( 80 + 80> n(z;0,X] dx

+€26—rT/Oo;(cx +f)< - >g§n[x02]d
0

-y

00 2
T 1 z= 1) 0% .
= ce /_y (d+2(y+x) <22 Z) (950) n[z;0,%] dx
+e2e g (cy® + f) nly; 0,5

_|_€26—TT/ (aasco 2+g)> n[$70,2] dx
0 2
2 _—rT L. 2 x 23
+ee /_y2(ca: + f) 2y a—on[xOZ]d

On the other hand) (0,7") is expressed as

D (0,T)
— 6e—rTE[d+1(y+g1)<§12 >g§)
+e (d (cy® + f) nly;0,%] + (icogf + g,i) + % (cgi + 1) (;12 - 1) gf) )g>—yy]
= Elp(g1)],
where
.’1}'2
plr) = ee_rT((CH- (y—i—a:) (22 > SSEO (14)

0 0 2 o)y
+6<(6560 +6;;)—|— (cx? + f) <_E)8 >)1{m> y) ted (cv®+ f) n[y;0,5].

Finally, we sety” = ¢ (¢g1) — D (0, 7). We call this new method "Hybrid Monte Carlo”.
5 The Vega of Plain Vanilla Call Option

In the previous section, we obtained an approximated value of Plain Vanilla Call Option price as

C0,7T) = eet / (y + ) nf[z;0,%] do + e / (cx® + f) n[z;0,%] dx
—y —y

= e T (yN(\j/i) —l—En[y;O,E]) +626_TTfyn[y;O,E],
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and consider its differentiation kyto obtain an approximation of the Vega.

)
=-C(0,T)

— T <yN<\/§> +En[y;0,E]—yN<\/y§> —yzn{y;O,EHy?n[y;O,E])

+2ee” fyny;0,%] —ee” fynly;0,%] +€f7yn[y,0 3]

= T <2+e (fy+fy ))n[y;0,21~

Then, we summarize the result as a theorem.

Theorem 3. The asymptotic expantion of the Vega of Plain Vanilla Call option of which payoff function with
maturity timeT" is expressed asSt — K) |_is given by

V(0,T)+o(e),

where
V(0,T)
—rT fy3
= e (Bte( fy+t ) )nly0.x], (15)
and the coefficents are given by
spetT — K

and

f=—-c2
6 The Vega of Average Call Option

Repeating the similar argument used in the previous sections, we can obtain the approximated value of the
Vega of Average Call Option. Hence, we only state the result as a theorem.
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Theorem 4. The asymptotic expantion of the Vega of Average Call option of which payoff function with
maturity timeT" is expressed a&St — K) _, is given by

V(0,T7) 4 o(e),
where
V(0,7)

= 7 <Z+e<fy+Jc§3>>n[y;0,E], (16)

and the coefficents are given by

d:e“T—l

euT

1 (T t 2
<T/ / 179 o (Ags) dW dt)
0o Jo
T

2
= 21T’2 / (eﬂ(T—S) _ 1) o (A03)2 dS,
H 0

T rt T—s)—1
. — 1/ /eu(t—S) et
X213 Jo Jo H

0 1%

Y = F

o (Ags) o' (Aps)

o (Agy)? dvds dt,

and
f=—cx.

7 Variance Reduction Technique for Vega of Call Option

Previous section showed the validity of the asymptotic expansion technique for the Vega. However, we
sometimes need more precise values, especially wienuite large or when the true value is quite small.
For this purpose, we propose a variance reduction method.

Although this method is quite similar to the case of Delta, we need some adjustments. We define the
"differentiation with respect to the volatility coefficieat of .S; satisfying the following SDE:

dSt = ,LLSt dt + eo (St) th
So = s0 (>0)
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Definition 3. We defineZ; as a stocastic process which satisfies the SDE:

(17)

{ AZ: = pZ, dt + [0 () + €0’ (Si) Z,] W,
Zo =0

The value of Vega is obtained by calculatiﬂg[e*’“T Zr 1{5T2K}]1 but it is sometimes impossible to
calculate it analytically. Although we utilize Monte Carlo simulations by using Euler-Maruyama Scheme,
it is sometimes time-consuming. In a similar way as Variance Reduction Technique for DeXab&the
sample path and we introduce a new random variable

According to Kunitomo and Takahashi [2003b], the asymptotic expanticdh isfobtained by

2
€
St ~ A0t+€A1t+5A2t+"',

where
dAot = pApdt, Ago = so
dAy;y = ;LAlt dt +o (AOt) dWr4, Aip=0
dAy = 1] Aoy dt + 2 o' ( AOt) A dWy, Aoy = 0.
The asympotic expansion & is also given by
Zy ~ Arp+e€Aor + -

Now we putX; = (S; — Aos) /¢, g1 = Arr and gg = Apr /2. Then, the asymptotic expantion of the Vega
E[eT Zy 1{5T2K}] is given by
Ele Zrlpgoxy] = TE (g1 +2e92+ ) Lgitegrrz—y}) »
wherey = (Aor — K) /e. Thus, we obtain its approximated value as
E e Zr 1> ky)
= e¢"E [91 1{912*24}] +ee T E [292 1{912*9}]
+ee ™ E [91 92 (31){912—11}] +o(e).
Finally, the approximated value of Veda(0, T') is expressed as
Vv (0,T)
= ¢ "TE[(g1+2692) 1{g,5_y] +ee T E {91 g2 (01)g,>— y}}
= ¢ "TE (91 +2¢Eglg1]) g >—yp] +ee T [ 1 Elg2lon] (0 ){W*y}]
= ¢ TE[(g1+2¢ (2 + f)) Lips_yy] +ee T E [91 (cgi+f) (@ ){912—@/}}
= Ele(g)],
where
o(z) = T (a: + % (ch + f)) Lig>_y} — ey (Cy2 + f) n[y;0,3]. (18)

Finally, we introduce a new random variale= ¢ (¢g1) — V (0,T'), and implement the variance reduction
technique described in section 4. We call this method "Hybrid Monte Carlo” as in section 4.
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8 The Case of CEV processes
8.1 Another Deriviation of Approximated Value of Delta

In this sections we assume the price processes of the underlying asset to be CEV processes:

{ dS; = pSydt +eS) dW, ,0<~y<1 1)

So = So <> 0)

Then, we derive the approximation of the Delta in a more straightforward manner. We HedisE, = 22t

Note thatY; the SDE: Bso *
{ dYy = pYidt + ey S Y; dW; | 0)
Yo=1
and the Delta of Plain Vanilla Call Option is obtained by
e T E Yy Lisr>ky] - 21)

See Imamura, Takahashi and Uchida [2005] for the derivation for instance. According to Kunitomo and
Takahashi [2003b], the asymptotic expantiorbpfs given byS; ~ Ay + €A1 + % Ao + -+ -, where

Ay = spett

t
Ay = 53/ e“te_“(1_7)5dW8
0
¢
Ay = 2’}/88/1/ elt et 1=2)5 A, AW,
0

Similarly, the asymptotic expantion a4 is obtained by; ~ By + By + % By + - - -, whereBy, B1:
and By, satisfy SDEs:

dBot = pBodt, Bopo =1
dBy = pBudt+yAY ' BydW,,  Bio=0
dBsy; = i Bopdt + [27(7— 1) A7 Ay Boy + 27 AL Blt] AW, Bop =0

Then, we can easily obtaiBy;, B1:, Bo: as

By = —Ay
50
By = lAlt
50
2~ —1
By = 7 Agy.
50

Now we putX; = (S — Aot) /e, g1 = A1 and go = Asp /2, then
Xr~ gr+ega+---.

Therefore,

- - gl 2
e E[Yr 1oy =eeTE [(dJr s e g2+ ) Lgitegot>—y} |5

50
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wherey = (soe“T — K) /e andd = a%yo = e*T /e, We obtain its approximated value as
e B [Yr Lspzky]

2v—1
= ee"TE [<d+ Zgl> 1{912_y}] +e2e ™ E [ T
0

%0 92 1{g1>—y}

2 _—rT Y 2
+ete ™ E [(d+ Sogl> g2 (61){g12y}} +0(€%),

where(al){,z_y} means the derivation df;.»_,, in the sense of distribution. By the property of Brownian
Motion, we know the distribution of; ~ N (0, %), where

( /O ' T o (Ay) th>2]

T
= / T g (Agr)” dt
0

> = F

2y A
A I PR
s2T 2T if v=1.

In addition, the conditional expectatidi[gs|g = x] = cz® + f ,where

T rs
€= % / / et (T—s) g (AOS) o' (AOS) et (T=) g (AOU)2 dv ds
0 0

4y—1 (1_62M(177)T)2

v 8o 3uT ;
_ 577 63 82 (1) fo<y<1
35 T 3T if vy =1,

andf = —cX. Accordingly,

e " E Y7 1{s,>k))

= ee T / <d+ 7x> nlz;0,%] de+ e T 7/ (cx* + f) n[z;0,%] do
—y S0 S0 —y

+e2e T <d + Sl (—y)) (cv® + f) n[-y:0,%] + 0 (€%) .
0
Thus we obtain the approximation as

ce T <dN (\%) + <;;E+6 (d— ;Jy) (cv* + f) +e2785 1fy) n[y;O,E]) :

whereN (z) denotes a cumulative distribution function of standard normal distributigf, 1).
Finally we see the agreement of the two approximated values derived in different manners. By the
theorem 1, the approximated value of the Delta is given by

D(0,7)
— T vy tox
= ece <dN<\/§>+2aSOn[y,O,Z])
_ of 10% y? 0%
2 rT &) - Y _d Y .
+ee (880y+fd+cy<2880+yd 22350»”[%0,2]-
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In addition, the coefficienty, ¢, f are monomials of,, and their differentiation with respect tg are
0% _yx e e Of (=D f

880 N S0 ’ 880 So’ 880 S0
Substituting them, we obtain

D(0,T)

— T (dN(\/§>+1?n[y;0,E]>

2y —1 py 2
+e2e T <(’Y8)fy+fd+cy (Z—Fyd—w))n[g/;o,ﬁ]
0 0

— o7 (dN (\%) n voEn [y;0,2]>
+e2eT ((27 )fy+(cy + 1) <d—zoy>>n[y;072].

Hence, the two approximated values agree.
Then we sum up the fact as a theorem.

50

Theorem 5. The asymptotic expantion of the Delta of Plain Vanilla Call option, whose payoff function with
maturity timeT" is expressed asSt — K) _, is given by

D(0,T) +o (€,
where

D(0,T)

= ee T (dN (\/i) —i—l?n[y;(),ﬁ]) (22)
+ete T <ny + (cv*+ f) <d - zoy» n[y:0,3],

and the coefficents are given by

soetT — K

)

€

< /0 0 5 (40) th>2]
T

T o (Agy)? dt

¥ = F

I
/—/HO\

2
_ 2;1?(1)17) (eQuT — eQ’WT) ifo<vy<1
s2T T ifv=1,
¢ = / / HT=5) 5 (Ags) o' (Ags) €T o (Agy)? dv ds
sg~ e3uT (1 =T)" if 1
_ 22 3 28#( — fo<y<
% % e3nT if v=1,
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and
f=—-cX.
Similarly, we gain the approximation formula for the Delta of the average option.
Theorem 6. The asymptotic expantion of the Delta of Average Call option, whose payoff function with ma-
turity time T is expressed aégT — K>+’ is given by
D0, T)+o (62) ,
where

D(0,7)

= ee T <dN <\/§> +102n[y;0,z]> (23)
+e2e T <(27_1)fy + (e’ + 1) (d - Zoy» n[y;0,%],

S0
and the coefficents are given by

so (et —1) /uT — K

Yy = )
€
etT — 1
 euT
2
1 et (T—1) _
5 = / ( Tl Ay |
52’}/ 2HT 2 nT nyT . 1
2T {2u(1 =) 2MT e = 27)} F0<y<lv#3
2 T .
. 3 (&5 -2 e - 1) if v =1
2
2uT 3 2erT 1 T
()} (- 2) 2 4)
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o (Ags) o' (Aps)

T pt T—s)—-1
. — 1/ /eu(t—S) et
2213 Jo Jo I

0 1%

( (=14 eT) (2= 2y + T (=1 4 27))?
+ (et =T~ (=7 4 107)

+4(~1+7)% (3 - 13+ 129?)

y s +erIF 20T (6 — 447y + 9672 — 647°)

2,573 14210 T (_3 119y — 3292 + 1673)

- +e2 Ty (=5 + 36 — 76v% + 48+°)
—2eMT (3 — 28y 4 8992 — 11273 + 484%))
/7 (3= 167 +1642))/8 (1 — 3y + 2 )2
i (354 (3 8) roT (4 E) -} dam)
3“T( 272 — 3uT + 17) + 2T (2uT — 5) + e”T %} 1

o (Agy)? dvds dt

if0<’y<1,’y7é%

2M2ZOST3 {e
and
f=-cx.

8.2 The Gamma of Call Option

The approximated value of Delta of Plain Vanilla (Average) Call Option is given by
D(0,T) + o (€),
where

D(0,T)

= e 7 (dN<@)+§n[y;0,E])
+ete T <wfy+ (cv®+f) <d— Zoy>> ny;0,%].

S0

Then, we can differentiate it with respectdpagain. We get an approximated value of the Gamma.

Theorem 7. The asymptotic expantion of the Gamma of Plain Vanilla Call option, whose payoff function
with maturity timeT" is expressed a&St — K) , is given by

G(0,T)+o0(e?),
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where

G (0,7T)
—rT 2 2’}/ Y ’72 72
S0 50 S0 S0

—e2e T <<d— gy> (v + f) + 2 1fy> <’Y + <yd— 7@/2) ;) n[y;0,%]
0 S0 S0 S0

2v -1
+€26_TT(<P>;y’Yd> (cy2+f)+ <d—7y> (—cy2+20yd+ 7 f)
8 S0 S0 S0 50

2y —1)? 2y —1
By e B a0,

0

and the coefficents are given by

spetT — K

)

€

< /0 ' T g (Ag) th> 2]

T
= / 21 (T=1) & (AOt)2 dt
0

¥ = F

so) ouT 2u~T ;
_ sy (€7 — et ifo<y<1
s2T 2T if v=1,
T
c = L e T=9) 5 (A02) o' (Aos) €2 T o (Agy)? du ds
32 ; ) 0s 0s Ov

4y—1 _o2u(1—y)T)2

s 3uT (1 e ) i
_ 0 e: SR ifo<y<1
%%263“71 if’y: 1,

and
f=—-cX.

8.3 The Delta of Digital Option
We consider the Digital Option whose payoff function at maturity tifthis given by

1{K1SSTSK2}‘

Before considering the Delta of Digital Option, we note that its price is represented by [1{K1§ST§K2}] .
As above X1 ~ g1 +€go + ---, whereX; = (S; — Ay) /e, and

e E ky<sr<iny) = € B [y <xr<—y)]

—rT
= e’ E[l{—y1ég1+692+~-é—yz}]’
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wherey; = (Agr — K1) /e andy, = (Agr — K2) /e. We obtain its approximated value as

e " E [k, <sp<Ku})

= e_TTE [1{—y1§91§—y2}] + ee_rTE [92 (al){*ylﬁglﬁfw} + 0(6)
T Y1 Y2
= e N({=|-N|==
(&) - (B
+e (cyf + f) n[y1;0, 8] — € (cy3 + f) nly2;0,5].
Its differentiation corresponds to the Delta of the Digital option.

Theorem 8. The asymptotic expantion of the Delta of Digital option, whose payoff function of with maturity
timeT is expressed abyx, <5, <K,}, IS given by

D(0,T) +o0 (%),
where

D(0,T) = (<d§0y1> (25)

2y -1 2 v _wnd  yiy .
50 f+(cyl+f)< P D +802 )n[yl,O,Z]

C
+e (—y% +2cy1d+
50

(o2

¢ 9 2y -1 2 v ypd Y3y
S 1 2cynd SR EL il 0,3,
+e ( 80y2 + 2cysd+ ” f+ (cy2 +f) < 5 > + s )n [y2;0,X]

and the coefficents are given by

spetT — K spetT — Ko

Y1 = y Y2 = )
€ €

( /0 ' T g (Ay) th> 2]

T
= / 2T &5 (Ag,)? dt
0

X = F

5o T _ 2unT :
_ 2u([1)—~/) (e“ — e“HY ) ifo<y<1
sET T ifvy=1,

T s
€= % / / et (T—s) g (AOS) OJ (AUS) 62# (T=v) g (AOU)2 dv ds
0 0

4v—1 1— 2#(177)T)2 i
7S50 3uT ( ¢
_ L 63 82 (1) ifo<y<1
so T2 _3uT TR
sz et ify =1,

and

f=—-cX.
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9 Numerical Examples

The BS(Black-Sholes) model is represented as

(26)

dSt = /,LSt dt + GSt Cle
So = S0 (> O),

and the CEV (Constant Elasticity of Variance) model is represented as

dSt:uStdt—FéSQth ,0<y <1
So = so (> 0).

Hence, the volatility function of the models are expressed @) = S} (0 <y < 1).

9.1 Approximation for the Delta of Plain Vanilla Option

We apply the asymptotic expansion scheme to the BS and CEV processes. The coefficients are calculated as

T 2
(/ e’” (T—t) g (A()t) th>
0
= / 2M(T t) AOt)2 dt

X = F

o2uT _ o2u7T ;
_ 2M(1 HI— 2T ifo<y<1

53 Te2“T ifv=1,

and
c = / / #T=9) 5 (Ags) o (Ags) €T o (Agy)? duds
1—e20(1=7)T .
_ ’73%2 €3MT ( 822 (177)2) If O < ,y < 1
3
3 T e3uT if v = 1.

The coefficients:, ¢, and f are the function ofsy, 7, v and x. In particular, paying attention t9, we
represent: = ¥ (), ¢ = c¢(y). We can easily check the continuity at= 1, i.e. ¥ (y) — X (1) and
c(y) —ec(l),asy — 1.

We apply the theorem 5 and obtain the approximated value of the Delta.

We show some numerical examples (figure 1). The initial values fixed tosg = 100. For the true
values, we use the analytical values for BS magdek 1), and use the mean of 1,000,000 paths generated
by Euler-Maruyama scheme that divides one year to 365 intervals for CEV rtrpdell). The error ratio is
calculated asapproximate value- true value /true value.

We can observe that the accuracy of this approximation is valid.
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9.2 Approximation for the Delta of Average Option

We apply the asymptotic expansion scheme to the BS and CEV processes. The coefficients are calculated as

2
Tl1er@H_1q
s = —————0(A
/0 (T Iz 7 (o) |t

2y ouT T T
S e2m M 1 eHY . 1
w2 T? {2u(1 ) w(l-2y) 2uT + 2uv(l—w)(1—2v)} f0<y<Ly# 2

e2rT T 1 ; 1
_ ST<N 9T e p> if y =1

() {em (- 55) + 255 - o) ity =1,

and

T ot T—s)—1
o = 1/(/dmﬂ>d“)
X213 Jo Jo H

o (Agy)? dvds dt

g (AOS) O'/ (Aos)

(=14 e'T) (2= 2y + T (=1 + 27))°
+(er DTy (=7 4 107)
+4(=1+7)% (3-13+129?)

dy-1 +erIH20T (6 — 44y + 9672 — 647°)
$2 5 T3 +462,wyT (_3 +19v — 3272 4 1673)

- +e2 Ty (=5 + 36 — 767% + 48+°)
—2eT (3 — 28y + 8997 — 11273 + 48+%))

/7 (3 =167+ 1672))/8 (1 —3’y+2’y 2)2
3”;:_'_ 2uT L_E _|_eHT 1 +L2 —

fo<y<1y#4%

S0 1
222 2T3 { .U'3 M 2H 73
{63“T ( 272 — 3uT + 17) + 2T (2uT — 5 e“T %

} if 4 =1
212 ,u5T3 } 1

As with the Plain Vanilla case, the coefficientis ¢, and f are the function ok, 7', v andu. We can easily
check the continuity at = 1, i.e. X (y) — X (1) andc(vy) — ¢(1) ,asy — 1. We apply the theorem 6 and
obtain the approximated value of the Delta.

We show some numerical examples (figure 2). The initial values fixed tosy = 100. For the true
values, we use the analytical values for BS madek 1), and use the mean of 1,000,000 paths generated
by Euler-Maruyama scheme that divides one year to 365 intervals for CEV rtpdell ). The error ratio is
calculated asapproximate value- true value /true value.

We can observe that the accuracy of this approximation is valid in general.
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9.3 Computaion of Delta by the Variance Reduction Technique

In this section, we show some numerical examples of variance reduction method. We use the BS and CEV
models as the dynamics of stock prices. The result of Plain Vanilla Delta is exhibited in figure 3. In theorem
5, the Delta of Plain Vanilla Call Option is obtained by

€_TT E [YT 1{8T2K}:| y

and its asymptotic expansion is expressed as

_ _ 2
e E [YT 1{ST2K}] =ec T E |:<d+ %91 te ! g2+- ) 1{91+eg2+-"2—y}:| )

wherey = (spe"T — K) /e andd = 8%740 = e"T /e. Then, we obtained its approximated value
D(0,T)

—rT i 2 T |27~
= e’ E[<d+5091) 1{912—y}} +ete " E[ 0

1

92 1{912—@1}}

2 —rT v
+e“e FE |:<d+ Sog1> 92 (81){g12—y}:|

[ 2y —1
= e TE (d + Zgl> Ligi>—yy| + e T |2)
L 0 J

S0

E [g2]91] 1{g1>—y}]

2 T v
+e2e T E [<d+ SOQI) E [g92]91] (81){912—1/}}

_ [ vy _ 2y —1
= ceE <d+5091> Lgi>—y) +efe ™ E p (et +1) 1{91211}]

12T E [(d+ Zogl> (cai + f) (31>{g1>y}}

= Elp(g)],
where
2y -1
p(x)=ce " <d+ Slx+ Vs—e (ca? +f)> Loy +ee (d— zy> (cy®+f) nly;0,%].
0 0 0

(27)

Next, we definél” asY = ¢ (g1) — D (0,7, and call thisY” “Attendant” random variable ok generated
by “Crude” Monte Carlo.

In the simulation, the initial valueg is fixed tosy = 100. For the true values, we use the analyt-
ical values for BS mode{y = 1), and use the mean of 2,000,000 paths generated by Euler-Maruyama
scheme that divides one year to 365 intervals for CEV mdget 1). The errors 1,2 and 3 are defined
by (X — true valug /(true value),Y/(approximated value) and{ — Y — true valug / (true value), respec-
tively. We generated 1000 passes and took their average, and repeated it by 100 cases. We calculated the
correlation between X and Y, and the average, standard deviation, maximum and minimum of 100 cases for
each of six random variableX( Y, (X — Y) and errors 1,2,3).

The example of Average Delta is exhibited in figure 4. Items on the table are the same as above.
We can observe that the standard deviaition as well as maximum and minimum values of the errors of
HybridM C(error 3) are reduced for each case relative to thoseraile M C(error 1).
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9.4 Approximation for the Vega of Plain Vanilla Option

We apply the asymptotic expansion scheme to the BS and CEV processes. The coefficients are calculated as

T 2
(/ 6“ (T—t) g (AOt) th>
0

T
= [ g (g
0

Y = F

2
_ | gty (T e ifo<y<1
sg T e T if v = 1,
and
1 T s B -
c = 22/(; A eM(T S)U<AOS) o (AOS) e2u(T U)U(A0v)2 dv ds
4y—1 1_e2u(1—mT 2 )
_ 75%2 83#T ( 822 (1_7)2) If 0 < ’}/ < 1
3 2 .
% T7 e3nT if v=1.

We apply the theorem 3 and get the approximated value of the Delta.

We show some numerical examples (figure 5). The initial values fixed tosy = 100. For the true
values, we use the analytical values for BS mgdek 1), and use the mean of 1,000,000 paths generated
by Euler-Maruyama scheme that divides one year to 365 intervals for CEV rtipdell ). The error ratio is
calculated agapproximated value- true value /(true value).

We can see that the accuracy of this approximation is generally valid.
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9.5 Approximation for the Vega of Average Option
We apply the asymptotic expansion scheme to the BS and CEV processes. The coefficients are calculated as

2
Tl1er@H_1q
s = —————0(A
/0 (T Iz 7 (o) |t

2y 2uT T T
En 21 M 1 eHY . 1
u2T? {2u(1—7) pi-29) T T 2uv(l—w)(1—2v)} F0<y<Ly#3
- o (28 — 2T e - 1) ity =3
T 7 T
2 T .
(:—%) {62“T (T — %) + 26: - ﬁ} if v=1,

and

T ot T—s)—1
o = 1/ /ew—s) et
X213 Jo Jo H

0 1%

(=14 e'T) (2= 2y + T (=1 + 27))°
+(er DTy (=7 4 107)
+4(=1+7)% (3-13+129?)

dy-1 +erIH20T (6 — 44y + 9672 — 647°)
2T +4e2T (=3 4+ 19y — 3272 + 167°)

= +e2 Ty (=54 36 — 767 + 48y%)
—2eT (3 — 28y + 8997 — 11273 + 48+%))
/7 (3 =167 +1642))/8 (1 — 3y + 292)°

g (AOS) O'/ (Aos)

o (Agy)? dvds dt

fo<y<1y#4%

3uT ouT 1 2T T 1 T T2 1 i _1
2225,22T3{e2u3 +et (F_F)—i_e# (_W_F 7)_173} Ty =12
2#22)57“3 {63”T (N2T2 = 3uT + %) + et (2uT - 5) + %euT - % if y = 1.

We apply the theorem 4 and obtained the approximated value of the Delta.

We show some numerical examples (figure 6). The initial values fixed tosy = 100. For the true
values, we use the analytical values for BS madek= 1), and use the mean of 1,000,000 paths generated
by Euler-Maruyama scheme that divides one year to 365 intervals for CEV rtripdell ). The error ratio is
calculated agapproximated value- true value /(true value).

As above, we can see that the accuracy of this approximation is valid.
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9.6 Computation of Vega by the Variance Reduction Technique

In this section, we show some numerical examples of variance reduction method. We use the BS and CEV
models as the dynamics of stock prices. The example of Plain Vanilla Vega is exhibited in figure 7. The
random variablex andY” correspond to Crud#C and Attendant, respectively. The initial valsgis fixed
to sp = 100. For the true values, we use the analytical values for BS mede! 1), and use the mean of
2,000,000 paths generated by Euler-Maruyama scheme that divides one year to 365 intervals for CEV model
(v < 1). The error 1,2 and 3 are defined(By — true value /(true value),Y/(approximated value), and the
error 3is(X — Y — true value /(true value), respectively. We generated 1000 passes and took their average,
and repeated it by 100 cases. We calculated the correration between X and Y, and average, standard deviation,
maximum and minimum of 100 cases for each of the six random variadblés(X — Y and errors 1,2,3).

The example of Average Vega is exhibited in figure 8. Items on the table are the same as above.
We can observe that the standard deviaition as well as maximum and minimum values of the errors of
HybridM C(error 3) are reduced for each case relative to thoseraide M C(error 1).

10 Concluding Remarks

We developed an asymptotic expansion method for computing Greeks. Because it takes almost no time to
compute the approximated values, it would be useful for monitoring Greeks changing rapidly in volatile
markets. We also introduced so called “Hybrid Monte Carlo,” a variance reduction technique based on com-
bination of Monte Carlo simulation and the asymptotic expansion. We showed that our variance reduction
technique can accelerate Monte Carlo simulations. Although we mainly treated the Delta and the Vega, our
method can also be applied to computing the other Greeks such as Gamma; it is obtained by differentiating
the approximated Delta by the initial price of the underlying asset.

Clearly, the same method can be applied to term structure models and credit models such as Heath-
Jarrow-Morton models, Market models and Duffie-Singleton models, which are topics in the next research.
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European Call Delta

r T [o} K True Value Approximation error ratio
10% 1 10% 0.2 920 0.976116702 0.976086848 0.00%
10% 1 10% 0.2 100 0.843342612 0.843683858 0.04%
10% 1 10% 0.2 110 0.523547114 0.523263591 —0.05%
10% 1 10% 0.2 120 0.190115249 0.190523063 0.21%
10% 1 20% 0.2 90 0.843478762 0.842724364 —0.09%
10% 1 20% 0.2 100 0.698128476 0.698621588 0.07%
10% 1 20% 0.2 110 0.516581193 0.517408776 0.16%
10% 1 20% 0.2 120 0.335226623 0.335565067 0.10%
10% 1 30% 0.2 20 0.753767616 0.754598065 0.11%
10% 1 30% 0.2 100 0.641325056 0.642180446 0.13%
10% 1 30% 0.2 110 0.517235753 0.518021867 0.15%
10% 1 30% 0.2 120 0.394808905 0.394273471 —0.14%
10% 1 40% 0.2 90 0.703381045 0.704125223 0.11%
10% 1 40% 0.2 100 0.615017945 0.614636962 —0.06%
10% 1 40% 0.2 110 0.520993691 0.520252935 —0.14%
10% 1 40% 0.2 120 0.427134261 0.426404028 -0.17%
10% 0.1 20% 0.25 90 0.960879231 0.960924595 0.00%
10% 0.1 20% 0.25 100 0.565763231 0.56594217 0.03%
10% 0.1 20% 0.25 110 0.082557515 0.082217759 —0.41%
10% 0.1 20% 0.25 120 0.0018949 0.001791877 —5.44%
10% 1 20% 0.25 920 0.844504035 0.84452103 0.00%
10% 1 20% 0.25 100 0.70014607 0.700403424 0.04%
10% 1 20% 0.25 110 0.51964785 0.519331639 —0.06%
10% 1 20% 0.25 120 0.338268975 0.337990417 —0.08%
10% 1 20% 0.5 90 0.853480625 0.853018697 —0.05%
10% 1 20% 0.5 90 0.853382053 0.853018697 —0.04%
10% 1 20% 0.5 100 0.70867637 0.709151848 0.07%
10% 1 20% 0.5 100 0.708575194 0.709151848 0.08%
10% 1 20% 0.5 110 0.529413073 0.529076083 —0.06%
10% 1 20% 0.5 110 0.529207248 0.529076083 —0.02%
10% 1 20% 0.5 120 0.351056665 0.350513712 —0.15%
10% 1 20% 0.6 90 0.856948191 0.856186282 —0.09%
10% 1 20% 0.6 100 0.712330828 0.712574988 0.03%
10% 1 20% 0.6 110 0.533096525 0.533035582 —0.01%
10% 1 20% 0.6 120 0.356000643 0.355711223 —0.08%
10% 1 20% 0.7 90 0.860423398 0.859218457 —0.14%
10% 1 20% 0.7 100 0.715155518 0.715953769 0.11%
10% 1 20% 0.7 110 0.536399122 0.537030999 0.12%
10% 1 20% 0.7 120 0.361998417 0.361018332 -0.27%
10% 0.1 20% 0.75 20 0.96578897 0.965751632 0.00%
10% 0.1 20% 0.75 100 0.572099215 0.572170026 0.01%
10% 1 20% 0.75 20 0.861938725 0.860683108 —0.15%
10% 1 20% 0.75 100 0.717337906 0.717626354 0.04%
10% 1 20% 0.75 110 0.539513051 0.539042313 —0.09%
10% 1 20% 0.75 120 0.36442835 0.363713423 —0.20%
10% 1 20% 0.8 90 0.862914952 0.862113115 —0.09%
10% 1 20% 0.8 100 0.719324971 0.719287642 —0.01%
10% 1 20% 0.8 110 0.540332465 0.541062772 0.14%
10% 1 20% 0.8 120 0.366561896 0.366436441 —0.03%

1% 1 20% 0.9 20 0.746577822 0.746698594 0.02%

1% 1 20% 0.9 100 0.555316151 0.555815609 0.09%

1% 1 20% 0.9 110 0.367944108 0.367154152 -0.21%

1% 1 20% 0.9 120 0.217922263 0.219889703 0.90%
10% 1 20% 0.9 90 0.866346868 0.864868132 —0.17%
10% 1 20% 0.9 100 0.72253363 0.722576048 0.01%
10% 1 20% 0.9 110 0.544355552 0.545131345 0.14%
10% 1 20% 0.9 120 0.372811314 0.371966977 -0.23%
10% 1 20% 1 90 0.870086972 0.867481372 —0.30%
10% 1 20% 1 100 0.725746935 0.725818415 0.01%
10% 1 20% 1 110 0.549124303 0.549237168 0.02%
10% 1 20% 1 120 0.377669374 0.377611389 —0.02%
10% 1 30% 1 920 0.798010284 0.79680617 —0.15%
10% 1 30% 1 100 0.685570459 0.686543423 0.14%
10% 1 30% 1 110 0.565777013 0.566070289 0.05%
10% 1 30% 1 120 0.450497192 0.449978279 —0.12%

Figure 1:Delta of Plain Vanilla Option
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Asian Call Delta
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| Variance Reduction Method for Plain Vanilla Call Delta
Crude_MC Attendant |Hybrid MC error 1 error 2 error 3
correlation| 0.959903129
average 0.72557957| —-0.00041| 0.72599372 0.0% —0.1% 0.0%
stdev| 0.017156387| 0.016684| 0.00481434 2.4% 2.3% 0.7%
max 0.779884| 0.051124 0.739676 7.5% 7.0% 1.9%
min 0.689382| -0.03948 0.715314 —5.0% —54% —1.4%
trial case r T g K T
1000 100 0.1 1 0.2 100 1
Crude MC Attendant |Hybrid MC error 1 error 2 error 3
correlation| 0956793154
average 053112723| 0.001849| 0.52927784 0.4% 0.3% 0.1%
stdev| 0.016333843| 0.016663| 0.00486072 3.1% 3.1% 0.9%
max 0.581436| 0.053863 0.539565 10.0% 10.2% 2.0%
min 0.488625| —0.04283 0.517556 —7.6% —8.1% —2.1%
trial case r T g K i
1000 100 0.1 1 0.2 110 05
Crude MC Attendant|Hybrid MC  |error 1 error 2 error 3
correlation| 0.977093684
average 0.70810903| —0.00086| 0.70897067 —0.1% —0.1% 0.0%
stdev| 0.016203002| 001602 00034533 2.3% 2.3% 0.5%
max 0.744451| 0.034014 0.715094 5.0% 4.8% 0.9%
min 0.654394| -0.05306 0.696965 —7.7% —7.5% —1.7%
trial case r T g K e
1000 100 0.1 1 0.2 100 0.5
Crude MC Attendant |Hybrid MC error 1 error 2 error 3
correlation| 0.949576279
average 0.6870225| 0.000907| 0.68611538 0.2% 0.1% 0.1%
stdev| 0.017463932| 0017415 0.0055383 2.5% 2.5% 0.8%
max 0.737813| 0.051122 0.698308 7.6% 71.4% 1.9%
min 0.647621| -0.03772 0.673854 —5.5% —55% —1.7%
trial case r T g K ie
1000 100 0.1 1 0.3 100 1
Crude MC Attendant |Hybrid MC error | error 2 error 3
correlation| 0982425644
average 0.70267656| 0.0009G66| 0.70171044 0.1% 0.1% 0.0%
stdev| 0.014734067| 0.014697| 0.00275914 2.1% 2.1% 0.4%
max 0.741432| 0.037448 0.707873 5.7% 5.3% 0.9%
min 0.662583| —0.04235 0.691333 —5.6% —6.0% —1.5%
trial case r T g K e
1000 100 0.1 1 0.2 100 0.3
Crude_MC Attendant |Hybrid MC error 1 error 2 error 3
correlation| 0.959868991
average 0.71354272| -000175| 0.7152942 —0.3% —0.2% —0.1%
stdev| 0.013557998| 0.013187| 0.00380617 1.9% 1.8% 0.5%
max 0.749392| 0.032719 0.726911 4.7% 4.6% 1.6%
min 0.673533| —0.04405 0.706392 —5.9% —62% —1.3%
trial case r T g K T
1000 100 0.1 1 0.2 100 0.7

Figure 3:Variance Reduction for Plain Vanilla Delta
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| Variance Reduction Method for Average Call Delta
Crude_MC Attendant |Hybrid MC|error 1 error 2 error 3
correlation| 0.973564678
average 0.65286561| 0.002691| 0.650174 0.2% 0.4% —0.2%
stdev| 0.017755937| 0.017414| 0.004058 2.7% 2.7% 0.6%
max 0.711461| 0.06024| 0.659347 9.2% 9.2% 1.2%
min 0.606232| -0.04052| 0.639409 —7.0% —6.2% —1.9%
trial case r T g K Y
1000 100 0.1 1 02 100 1
Crude MC Attendant |Hybrid MClerror 1 error 2 error 3
correlation| 0972651266
average 0.6466694| 0.004066| 0.642604 0.5% 0.6% —0.1%
stdev| 0.014007903| 0.01441| 0.003347 2.2% 2.2% 0.5%
max 0.677226| 0.040301| 0.649899 5.3% 6.3% 1.0%
min 0.612287| —0.03297| 0.631315 —4.8% —5.1% —1.9%
trial case r T g K e
1000 100 0.1 1 0.2 100 05
Crude MC Attendant |Hybrid MClerror 1 error 2 error 3
correlation| 0.976284055
average 0.64631725| 0.000415| 0.645902 0.1% 0.1% 0.0%
stdev| 0017035111| 0.016832| 0.003693 2.6% 2.6% 0.6%
max 0.692818| 0.046845| 0.656095 7.3% 7.2% 1.6%
min 0.608587| -0.04016| 0.635893 —58% —6.2% —1.6%
trial case r T O K v
1000 100 0.1 1 02 100 0.7
Crude MC Attendant |Hybrid MClerror 1 error 2 error 3
correlation| 0.987282388
average 0.64038034| 0.00108 0.6393 0.1% 0.2% 0.0%
stdev| 0.013700308| 001362| 000218 2.1% 2.1% 0.3%
max 0.673363| 0.029755| 0.644548 5.3% 4.7% 0.8%
min 0.608085| -0.03099| 0.632347 —4.9% —4.8% —1.1%
trial case r T (o3 K ya
1000 100 0.1 1 0.2 100 0.3
Crude MC Attendant |Hybrid MClerror | error 2 error 3
correlation 0.99000669
average 0.63949469| 0.00176)| 0.637734 0.3% 0.3% 0.0%
stdev| 0.014518671| 0.014709| 0.002075 2.3% 2.3% 0.3%
max 0.669776| 0.036076| 0.641847 5.0% 5.7% 0.7%
min 0.607034| -0.03105| 0.630536 —4.8% —4.9% —1.1%
trial case r T ag K v
1000 100 0.1 1 02 100 0.2
Crude_MC Attendant |Hybrid MC|error 1 error 2 error 3
correlation| 0.986044375
average 0.33189606| —0.00178| 0.333674 —0.3% —0.5% 0.2%
stdev| 0.016229574| 0.016047| 0.002702 4.9% 4.8% 0.8%
max 0.381386| 0.048212| 0.338977 14.6% 14.4% 1.8%
min 0.287723| -0.04739| 0.326416 —13.6% —142% —1.9%
trial case r T g K Y
1000 100 0.1 1 02 110 0.3

Figure 4:Variance Reduction for Average Delta

103



European Call Vega

r T Y K True Value | Approximation |error ratio
10% 1 10% 02 90| 0.135620063 0.136145644 0.3%%
10% 1 10% 02 100| 0.579057093 0.579043297 0.00%
10% 1 10% 02 110] 0.960242603 0.961726804 0.15%
10% 1 10% 02 120| 0.656887047 0.656763586 —0.02%
10% 1 20% 0.2 90| 0.580709278 0.582693079 0.34%
10% 1 20% 0.2 100 0.83906647 0.842159412 0.37%
10% 1 20% 0.2 110] 0.962827562 0.962582342 —0.03%
10% 1 20% 0.2 120| 0.879844393 0.880976744 0.13%
10% 1 30% 0.2 90| 0.756697078 0.762482701 0.76%
10% 1 30% 02 100| 0.897587977 0.902648034 0.56%
10% 1 30% 02 110| 0.959334662 0.962740858 0.36%
10% 1 30% 0.2 120| 0.927374053 0.930217674 0.31%
10% 1 40% 02 90| 0.828727786 0.837715386 1.08%
10% 1 40% 0.2 100| 0.917847508 0.92482958 0.76%
10% 1 40% 0.2 110] 0.956353045 0.962796345 0.67%
10% 1 40% 0.2 120| 0.942198425 0.948094322 0.63%
10% 0.5 20% 0.5 90| 1.505240303 1.517243388 0.80%
10% 0.5 20% 0.5 100| 2.579305435 2.585420489 0.24%
10% 0.5 20% 05 110 2675147472 2670697783 —0.17%
10% 0.5 20% 05 120| 1.773001909 1.787531578 0.82%
10% 1 20% 0.5 90| 2.232530619 2.255920744 1.05%
10% 1 20% 0.5 100| 3.332715923 3.353513757 0.62%
10% 1 20% 0.5 110| 3.872463685 3.886061796 0.35%
10% 1 20% 0.5 120| 3.597936065 3.623439526 0.71%
10% 1 30% 0.5 90| 2.935439695 2.975313378 1.36%
10% 1 30% 0.5 100| 3.551632457 3.594225029 1.20%
10% 1 30% 0.5 110| 3.861935481 3.886684108 0.64%
10% 1 30% 05 120| 3.778120297 3.814848873 0.97%
10% 1 20% 08 90| 8.62223284 8.718743779 1.12%
10% 1 20% 0.8 100| 13.26718447 13.35329575 0.65%
10% 1 20% 0.8 110| 15.64510472 15.69084558 0.29%
10% 1 20% 0.8 120| 14.82507253 14.89915535 0.50%
10% 1 30% 1 90| 28.16294977 28.71366052 1.96%
10% 1 30% 1 100| 35.49621593 35.9500663 1.28%
10% 1 30% 1 110 39.350731 39.7960357 1.13%
10% 1 30% 1 120| 39.58670491 40.07273771 1.23%
10% 1 20% 1 90| 21.14470728 21.44978946 1.44%
10% 1 20% 1 100| 33.32246029 33.54565167 0.67%
10% 1 20% 1 110] 39.59139563 39.78995782 0.50%
10% 1 20% 1 120 38.0036401 38.23501125 0.61%

Figure 5:Vega of Plain Vanilla Option
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Asian Call Vega

r T True Value Approximation | error ratio
10% 1 10% 0.2 90| 0.017620536 0.020081338 13.97%
10% 1 10% 0.2 100] 0.37292946 0.374262724 0.36%
10% 1 10% 0.2 110] 0.398719399 0.399866113 0.29%
10% 1 10% 0.2 120] 0.028642431 0.029576347 3.26%
10% 1 20% 0.2 90| 0.233997165 0.236452456 1.05%
10% 1 20% 0.2 100| 0.492048592 0.494895816 0.58%
10% 1 20% 0.2 110]| 0.506707856 0.507429852 0.14%
10% 1 20% 0.2 120] 0.265199439 0.267081362 0.71%
10% 1 30% 0.2 90| 0.370148458 0.372996781 0.77%
10% 1 30% 0.2 100]| 0.518441131 0.521174468 0.53%
10% 1 30% 0.2 110] 0.52681847 0.530316585 0.66%
10% 1 30% 0.2 120] 0.397731091 0.40121822 0.88%
10% 1 40% 0.2 90| 0.433479462 0.437488462 0.92%
10% 1 40% 0.2 100| 0.52820917 0.530697898 0.47%
10% 1 40% 0.2 110]| 0.536369397 0.538568445 0.41%
10% 1 40% 0.2 120]| 0.458786573 0.462614756 0.83%
10% 0.5 20% 0.5 90| 0.451809942 0.45590138 0.91%
10% 0.5 20% 0.5 100| 1.497145322 1.504718555 0.51%
10% 05 20% 0.5 110] 1.104185264 1.109946028 0.52%
10% 05 20% 0.5 120]| 0.228040948 0.22978291 0.76%
10% 1 20% 0.5 90| 0.885201544 0.893667387 0.96%
10% 1 20% 0.5 100| 1.960033268 1.966932694 0.35%
10% 1 20% 0.5 110] 2.045918688 2.056901923 0.54%
10% 1 20% 0.5 120] 1.133204923 1.148233844 1.33%
10% 1 30% 0.5 90| 1.425729891 1.43647979 0.75%
10% 1 30% 0.5 100| 2.05666194 2.07166549 0.73%
10% 1 30% 0.5 110] 2.126538348 2.146753012 0.95%
10% 1 30% 0.5 120| 1.663640874 1.682985408 1.16%
10% 1 20% 0.8 90| 3.34324547 3.362808635 0.59%
10% 1 20% 0.8 100| 7.802925684 7.81702216 0.18%
10% 1 20% 0.8 110] 8.283486953 8.337629253 0.65%
10% 1 20% 0.8 120]| 4.858247591 4.917248513 1.21%
10% 1 30% 1 90| 13.30359393 13.5367179 1.75%
10% 1 30% 1 100| 20.49437224 20.66141664 0.82%
10% 1 30% 1 110] 21.83397241 22.07367286 1.10%
10% 1 30% 1 120]| 18.01543655 18.29165237 1.53%
10% 1 20% 1 90| 8.002372068 8.113176058 1.38%
10% 1 20% 1 100| 19.47497484 19.61230035 0.71%
10% 1 20% 1 110] 21.09200973 21.19619363 0.49%
10% 1 20% 1 120] 12.79663758 12.94213589 1.14%

Figure 6:Vega of Average Option
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| Variance Reduction Method for Plain Vanilla Call Vega
Crude_MC Attendant |Hybrid MC error 1 error 2 error 3
correlation| 0993098106
average 33.66226( 0.333031| 33.329227 1.0% 1.0% 0.0%
stdev| 2719191126| 2.733607| 0.32064568 8.2% 8.1% 1.0%
max 42519| 8.45469 34.0644 27.6% 252% 2.2%
min 28.0966] —5.22511 32.6062 —15.7% —156% —2.1%
trial case r T o K T
1000 100 0.1 1 0.2 100 1
Crude_ MC Attendant |Hybrid MC error 1 error 2 error 3
correlation| 0.995557467
average 3.3434785| 0.005399| 3.3380795 0.1% 0.2% —0.1%
stdev| 0.220618831| 0.225483| 0.02157966 6.6% 6.7% 0.6%
max 3.99644| 0641126 3.40658 19.7% 19.1% 2.0%
min 2.84201| —0.47944 3.29561 —14.9% —14.3% —1.3%
trial case r T a K i
1000 100 0.1 1 0.2 100 0.5
Crude MC Attendant |Hybrid MC  |error 1 error 2 error 3
correlation| 0.989798005
average 35.13766( —0.32529| 35462947 —1.0% —0.9% —0.1%
stdev| 2986438023| 2.986035| 042655948 8.4% 8.3% 1.2%
max 440392 7.91881 36.6576 24.1% 22.0% 3.3%
min 28.1204| —7.29869 34.4306 —20.8% —20.3% —3.0%
trial case r T [od K Y
1000 100 0.1 1 03 100 1
Crude_MC Attendant |Hybrid MC error 1 error 2 error 3
correlation| 0994232883
average 8.3549395| -0.0311| 8.3860408 —0.4% —0.4% 0.0%
stdev| 0.619487474| 0.62341| 0.06685721 7.4% 7.4% 0.8%
max 9.97522| 149157 8.59891 18.9% 17.7% 2.5%
min 6.76722| —1.66494 8.22763 —19.3% -19.8% —1.9%
trial case r T g K T
1000 100 0.1 1 0.2 100 0.7
Crude_ MC Attendant |Hybrid MC error | error 2 error 3
correlation| 0997097818
average 1.332961) 0.002638| 1.3303235 0.2% 0.2% 0.0%
stdev| 0.080399605| 0.080545| 0.00613282 6.0% 6.0% 0.5%
max 1.48684| 0.152057 1.3474 11.7% 11.4% 1.3%
min 1.13538| —0.19802 1.31793 —14.7% —14.8% —0.9%
trial case r T g K Y
1000 100 0.1 1 0.2 100 0.3

Figure 7:Variance Reduction for Plain Vanilla Vega
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| Variance Reduction Method for Average Call Vega
Crude_MC Attendant |Hybrid MC|error 1 error 2 error 3
correlation| 0.993888106
average 19.572025[ —0.02551| 19.59753 0.1% —0.1% 0.2%
stdev| 1.252353625| 1.284064| 0.143752 6.4% 6.5% 0.7%
max 234561 3.9421| 19.9786 20.0% 20.1% 2.2%
min 160674 -360121] 192102 —17.8% —18.4% —1.7%
trial case r T g K Y
1000 100 0.1 1 02 100 1
Crude MC Attendant|Hybrid MClerror 1 error 2 error 3
correlation| 0.998501872
average 0.7805064 1| —0.00251| 0.783016 —0.2% —0.3% 0.2%
stdev| 0.040505161| 0.040841| 0.002252 5.2% 5.2% 0.3%
max 0.885119| 0.103657| 0.788773 13.2% 13.2% 0.9%
min 0.683454| -0.10238| 0.777182 —12.6% —13.1% —06%
trial case r T g K Y
1000 100 0.1 | 02 100 0.3
Crude MC Attendant |Hybrid MClerror 1 error 2 error 3
correlation| 0.999036023
average 0.4969152| 0.00195| 0.494965 0.7% 0.4% 0.3%
stdev| 0.028841021| 0.028756| 0.001267 5.8% 5.8% 0.3%
max 0.5684236| 0.086345| 0.498648 18.4% 17.4% 1.1%
min 0.425687| -0.06938| 049263 —13.7% —14.0% —0.1%
trial case r T O K v
1000 100 0.1 1 02 100 02
Crude MC Attendant |Hybrid MClerror 1 error 2 error 3
correlation| 0.987932148
average 20.353032| —0.22172| 20.57475 —0.6% —1.1% 0.4%
stdev| 1.283552187| 1274157 0.1989 6.3% 6.2% 1.0%
max 239281| 3.34485| 21.0203 16.8% 16.2% 2.6%
min 17.6652| —-28836( 20.1611 —13.8% —14.0% —1.6%
trial case r T g K e
1000 100 0.1 1 0.3 100 1

Figure 8:Variance Reduction for Average Vega
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